Instantaneous Concentration Fluctuations in

Point-Source Plumes

A model for the variance ¢2 of instantaneous plume concentrations, at
a level corresponding to that of the Gaussian formulas for the mean
field, is developed and tested against available data. Starting from the
Eulerian species transport equation, theoretical and empirical informa-

tion is used to estimate parameters and simplify the form of the trans-
port equation for ¢2in a meandering frame of reference. Then, introduc-
tion of a localized production of fluctuations (LPF) scheme allows con-
struction of analytical expressions for ¢ that provide a direct means for
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calculating the concentration variance inside the instantaneous bounda-
ries of plumes resuiting from continuous point emissions in turbulent

flows with uniform mean velocity.

introduction

Prediction of expected concentration fluctuation levels in
point-source plumes is a key need that arises in many problems
related to turbulent dispersion. Typical examples are:

1. Estimation of quantitative measures for the inherent un-
certainty in models of contaminant dispersion in the environ-
ment. This uncertainty is associated with the stochastic nature
of the dispersion phenomenon per se, as opposed to the poten-
tially reducible uncertainty associated with errors and approxi-
mations in the model structure and the input data (Fox, 1984,
Weil, 1985).

2. Modeling situations concerned with the exceeding of some
critical value by a rapidly changing concentration, even for very
short times. Examples of such situations are the accidental
release of toxic or flammable gases (Chatwin, 1982), and the
creation of smoke screens for defense purposes (Ohmstede and
Cogan, 1982). In these cases probabilistic properties of the con-
centration field are essential in assessing the environmental
impact.

3. Modeling nonlinear processes (usually chemical) within
plumes. For processes such as reactions with nonlinear kinetics,
the effective conversion rates may depend critically on the level
and spatial distribution of turbulent concentration fluctuations
(i.e., on the quality or completeness of the fine-scale mixing
locally inside the instantaneous plume boundaries). The local
intensity of segregation I, involving the variance of fine-scale
“in-plume” fluctuations, can be used to quantify the interaction
of mixing and chemistry for second-order chemical reactions.

In dealing with such problems it is essential to discern the spa-
tial scales associated with a given portion of the fluctuations
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spectrum, as they may affect the phenomenon under study and
its consequences in qualitatively very different ways. Thus tur-
bulent eddies that at a given location are of size comparable to
and larger than the local plume dimensions result in its irregular
meandering, i.e., a bulk motion (Figure 1). Only eddies smaller
than these are responsible for the mixing process inside the
instantaneous plume boundaries, the state of which is described
by the level of instantaneous “internal” concentration fluctua-
tions and thus is associated with the processes of relative or two-
particle dispersion. Thus, for example, rates of nonlinear chemi-
cal reactions between plume constituents and the ambient are
affected solely by the internal fine-scale fluctuations. On the
other hand, assessing physiological effects from the varying con-
centration of a pollutant requires taking into account the total
variability of the concentration field at the fixed receptor loca-
tion.

A complete description of the fluctuations problem would
require knowledge of the entire probability density of random
concentrations, and in the case of interacting concentration
fields (e.g., of chemically reacting species) of their joint proba-
bility densities. Probability densities at every point in a fixed
frame of reference, and the associated statistics, reflect the total
randomness of the concentration field that results from absolute
diffusion; the respective densities and statistics for every point in
a frame of reference whose origin follows the random meander-
ing motion of the center of mass of an instantaneous release, or
the instantaneous centerline of a continuous plume, reflect inter-
nal randomness due to relative dispersion. To deduce fixed-
frame probability densities and noncentral moments of concen-
trations from the corresponding moving-frame quantities one
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Figure 1. Crossflow profiles of expected instantaneous
concentrations in fixed (¢) and meandering

(cp) tframes of reference.

Downwind distance x, is the same at various times for a plume
assumed to be transferred essentially intact by meandering. Instan-
taneous realizations of concentration field ¢ == ¢, are also pre-
sented. (c) is the long-term time average of the ensemble average
{cg) at a fixed position.

has to calculate the convolution of the latter with the spatial
position probability density of the meandering origin of the mov-
ing frame (Csanady, 1973, Chs. 4, 7).

Although the problem of calculating probability densities of
concentration fields (of both conserved and reactive scalars) has
been pursued through a variety of approaches (Hill, 1976;
O’Brien, 1980; Pope, 1982, 1985), its complexity does not pres-
ently allow for simple, practical models (Georgopoulos and
Seinfeld, 1986, Chs. 4, 5). A more feasible goal is the prediction
of the second moment (¢?}, or of the variance ¢2, of the random
instantaneous concentration field, which, combined with the
knowledge of the mean {c), would provide a description ade-
quate for most applications. Theoretical study of the ¢?
dynamics originated in the works of Corrsin (1952, 1964) and
Batchelor (1959). Major results concerning o2 behavior in dif-
ferent turbulent flows are summarized in various sources
(Brodkey, 1967; Monin and Yaglom, 1971, 1975; Hinze, 1975;
Townsend, 1976; Bradshaw, 1978; Fischer et al., 1979). As far
as dispersion in ambient turbulence is concerned, the three
major approaches commonly employed in modeling the mean
fiecld—i.e., Eulerian and Lagrangian statistical methods (in-
cluding Langevin models) and dimensional (similarity) analy-
sis—have also been used, often in combination, to study the vari-
ance of concentration fields resulting from passive releases from
strongly localized sources (Csanady, 1967, 1973; Thomas, 1979;
Chatwin and Sullivan, 1979a, 1980; Robins and Fackrell, 1979;
Durbin, 1980, 1982; Sawford, 1982, 1983, 1985; Sykes et al.,
1984; Hanna, 1984; see also Weil, 1985). (The term “passive” is
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used in the sense that this release does not affect the properties
of the ambient flow.) A separate class of models originated with
Gifford’s (1959) fluctuating plume concept, which considers
fluctuations produced exclusively by the bulk meandering of the
plume (“external” fluctuations), neglecting all randomness in-
side the instantaneous plume boundaries, and therefore calcu-
lates what we will call here the external variance. Various appli-
cations and extensions of this concept (Scriven, 1965; Diamante
et al., 1976; Fackrell and Robins, 1982b) as well as related for-
mulations (Venkatram, 1979; Hanna, 1984) have appeared in
the literature. Finally, the empirical models of Wilson et al.
(1982a, b) provide expressions for ¢2 constructed so as to fit
wind tunnel data where meandering was recognized as the dom-
inant source of observed fluctuations (Fackrell and Robins,
1982a, b).

Available data of short-term fluctuation statistics for pure
plumes from point sources, that is, for dispersion governed
exclusively by the ambient turbulence, are basically relevant to
the total variance observed at a fixed point, and include mainly
wind tunnel measurements (Fackrell, 1978, 1980; Fackrell and
Robins, 1981, 1982a, b; Robins, 1978, 1979; Gad-el-Hak and
Morton, 1979) and atmospheric field measurements (Gosline,
1952; Barry, 1971; Ramsdell and Hinds, 1971; Kimura et al.,
1981; Jones, 1983; Sawford et al., 1985). Data on in-plume fluc-
tuations, definitely more scarce, are also available, both from
laboratory flows with insignificant meandering (Becker et al,,
1966), and from field measurements performed relevant to the
meandering center of mass of continuous oceanic plumes (Mur-
thy and Csanady, 1971; Sullivan, 1971; Chatwin and Sullivan,
1979b) and atmospheric plumes (Eidsvik, 1980). Finally, some
related information can be found in the substantial fluid-
mechanical literature on momentum jets and buoyant plumes
(List, 1982; Gebhard et al., 1984).

Some rather general results on plume fluctuations, based
mainly on data from pipe flows and from wind tunnels simulat-
ing either homogeneous and isotropic turbulence or the neutral
atmospheric boundary layer are:

1. Production of both internal and external fluctuations is in
general significant only close to the source.

2. Meandering is typically the most significant source of
fluctuations in the near field, whereas internal fluctuations pre-
vail far downwind. Further analysis suggests that the external
intensity of fluctuations at the centerline (i.e., the ratio of exter-
nal variance to the square of the mean concentration) reaches a
maximum at some distance downwind and decays toward zero
thereafter; the corresponding internal intensity does not decay
but seems to tend toward some constant nonzero value.

3. Intermittency effects are very significant in the near field
and are typically associated with meandering; relative concen-
tration measurements are very often free of intermittency
effects in the core of the instantaneous plume.

4. The variance of atmospheric concentrations from ground-
level sources exhibits profiles that are approximately self-simi-
lar in both the horizontal and vertical directions; further, it does
not show significant dependence on source size.

5. The same variance for elevated sources initially shows
dependence on source size that is eventually “forgotten.”” Hori-
zontal profiles of ¢? are again approximately self-similar, but
vertical profiles show a more complicated behavior: In the
immediate vicinity of the source they are self-similar until the
effect of the ground is felt. In the far field, however, these pro-
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files become again self-similar, resembling those of a ground-
level source.

6. A power law concentration probability density resulting
from Gifford’s fluctuating plume model seems to provide the
best fit to experimentally measured densities of fixed-frame
data in most cases. Log-normal densities offer the best fit to sets
of nonintermittent data.

However, in spite of the recent advances in analyzing and
understanding the problem of turbulent concentration fluctua-
tions, a simple, rational scheme for routine calculation of the
instantaneous internal plume concentration variance, for use in
conjunction with the Gaussian relative dispersion formulas for
the instantaneous mean field does not exist. Such a model can, in
fact, be viewed as a counterpart of Gifford’s (1959) mode! for
the external variance. The development of such a practical
scheme is the object of this work. We start from the Eulerian
transport equation for o7, modeling the process described by its
components in terms of known or measurable quantities, and
continuing with an analysis of potential simplifications of the
mathematical description through self-similarity assumptions
for ¢2. The information that is systematized in this way is subse-
quently utilized in the formulation of a new model that provides
simple, closed form, analytical expressions for ¢ for the case of
a continuous passive “point™ release of material in a turbulent
field of uniform mean velocity.

Transport Equation for Concentration Variance
General considerations

Eulerian models for the estimation of ¢2 are based on the fun-
damental transport equation for ¢ for a fixed frame of refer-
ence

ac N dc dc
— U, — =
ot " 9x; x,;0x;

(1)

(summation convention implied) where u,, ¢ are stochastic vari-
ables that can be viewed as consisting of a mean and a fluctuat-
ing part (Reynolds decomposition), i.e., u; = (u;) + uj, ¢ =
(c) + . In the following the operation {-) always denotes
ensemble averaging; for locally homogeneous and stationary
turbulence this can be replaced by spatial or temporal averag-
ing, under an ergodic hypothesis (Hinze, 1975) as far as the
velocities are concerned. For strongly localized sources the con-
centration field cannot be homogeneous and thus only time aver-
ages can approximate ensemble means (when, of course, the
specific phenomenon under study is in steady state).
The equation for the variance of ¢ as obtained from Eq. 1 is

Q)
) ( )O(C’z) ~
at A dx,
r (JUJ e (J“‘l) N
L8y Ta [ 0
= —2(14,’(‘);‘:‘-{-6_&(1) ax, — (ujc ))
(iv)
(dc'dc’)
-2 0x;0x; )
1644

October 1986 Vol. 32, No. 10

This equation expresses the fact that the level of 62 = (¢'*)
changes through an imbalance of

(i) advection

(ii) the generation rate of scalar fluctuations by gradients in
the mean concentration

(iii) the diffusive transfer produced by molecular dispersion
and turbulent velocity fluctuations (the former being usually
negligible)

(iv) the dissipation of fluctuations due to molecular diffusion
in the fine-scale structure.

The relative importance of the different processes in the o
budget depends on the particular type of flow (Launder, 1978).
Bulk meandering and internal fine-scale motions will contribute
in a qualitatively different manner not only to the observed over-
all level of fluctuations at a given point but to the relative bal-
ance of terms in the governing equation for o2 as well. Here we
confine attention to relative dispersion in turbulence with a uni-
form mean velocity %, and to internal fluctuations in plumes that
generate an ensemble of instantaneous realizations which is in a
steady state with respect to a frame of reference that follows the
randomly meandering centerline translating parallel to itself.
(The steady state concept here is, of course, relevant to the mean
of the ensemble and not to the actual concentration field.) Equa-
tions 1 and 2 with 8(-)/dt = 0, {s,) = u, {(u,) = {u;3) =0 are
assumed to hold for this moving frame of reference. In other
words, if the moving frame coordinates in the crosswind plane at
X, are y,, y; where y, = X, — by, y; = x3 — by, b,, by being the
random coordinates of the instantaneous plume centerline in
this plane, then Eqs. 1-2 are assumed to adequately describe
mass transport in the meandering frame (see Georgopoulos and
Seinfeld, 1986, Ch. 6, for a detailed discussion of this point). In
the case where flow conditions are such that the mean plume
centerline is not a straight line parallel to the horizontal plane
(i.e., (by), k = 2, 3, are not constant for all x,), then the above
equations are still sufficient approximations (for a translating
frame meandering about this centerline) for very small values of
the derivatives (9(b,)/dx;), k = 2, 3,1 = 1, 2, 3. The situation
considered here is schematically represented in Figure 1: The
mean concentration in Eq. 1 is (cz ) and the fluctuations in Eq. 2
represent deviations of actual realizations cg from this value. In
the present work we limit attention to cg and {cg); fixed frame
properties (such as {¢) of Figure 1) will not be examined. Thus
in the following the subscript R for the concentration will be
dropped without any loss of clarity. Another point to note is that
in this approach intermittency effects are attributed to bulk
motions, in compliance with available experimental evidence;
the probability of exactly zero concentrations in the vicinity of
the origin of the meandering frame is assumed negligible.

Modeling individual terms of the
variance transport equation

Production Term. In the perspective of this study we will con-
sider as adequate a description of (u}c¢’) in terms of eddy diffu-
sivities K, that will be assumed to be in general functions of the
distance from the source, and to correspond to the effects of
small-scale dispersion processes (the subscript R; is used to
denote the relevance to relative dispersion, or absolute disper-
sion without significant meandering). In this way Eq. 2 con-
tinues to hold locally inside the instantaneous plume. In a sense
this is a Lagrangian modeling step, since Kg’s thus defined are
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not properties of the flow field but functions of the dispersion
time for specific emissions. Thus, locally

wie') = K (x) 5
Vi

(3)
where the point species source is located at x; = 0. The variation
of K with downwind distance from the source will be calculated
from

() do% 1 do,
Ke) =% " 2@

4
where o, is the standard deviation of relative dispersion in the i
direction. Methods for estimating o¢’s can be found in Hinze
(1975, p. 406), Monin and Yaglom (1975), and Seinfeld (1983).
Thus

a{c)

II, = —2(u§c’)—=2KR,-(x1)( &)
ay;

oy,

6(c))2
Diffusive Flux Term. Most approaches for modeling the dif-
fusive flux of a2 have also adopted a gradient representation of
(ujc’*), usually neglecting all molecular diffusion effects
(Launder, 1978). Various forms of gradient type formulas have
been used (Bradshaw and Ferris, 1968; Spalding, 1971; Wyn-
gaard, 1975; Thomas, 1979; Sykes et al., 1984). A simple
approach, especially when eddy diffusivities are used in repre-
senting (ujc’), is to assume a gradient transport relationship of
the form

2 do’?
(uic'*y - D—= - K,
ox;

(6)

Assuming that the same dispersive mechanisms account for the
spread of both {¢) and o2, we set K, = K, ,- Data from geophysi-
cal flows provide supportive but certainly not conclusive indica-
tion for the validity and the limitations of such a gradient trans-
port scheme (Csanady, 1973; Netterville and Wilson, 1980). In
any case, since higher order closure schemes are beyond the
scope of the present analysis, we will adopt the closure assump-
tion of Eq. 6 with K, = Ky given by Eq. 4.

Dissipation Term. Many studies have attempted to model
this term by analogy to the dissipation of velocity fluctuations
(kinetic energy dissipation), for which there is more extensive
experimental information available. The most common proce-
dure is to adopt an expression of the general form
(dc'dc’y nDe?l o2

$=2D =
ady;dy, Q; I

)

where £, is a dissipative length scale (a hybrid Corrsin scale)
analogous to the Taylor scale for the dissipation of velocity fluc-
tuations, and nD/R3 = 1/t, is the reciprocal of a characteristic
decay time scale t,. The choice of the numerical factor # in this
relation is a matter of convention (e.g., n = 4, 6, and 12 are used
in the literature). The time scale ¢, is the single most important
quantity in the characterization of the mixing process; actually,
in most approaches all the effects of molecular diffusion on mix-
ing are lumped into this parameter.
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For the case of homogeneous, quasi-isotropic, turbulent veloc-
ity and concentration fields, both theoretical considerations and
experimental evidence (Gibson and Schwarz, 1963; Hinze,
1975; Launder, 1978; Warhaft and Lumley, 1978; Sreenivasan
et al., 1980; Durbin, 1982) suggest that

t; =kt + kg (8)
where k lies in the range 1/3 to 2/3, ¢t = x,/{u, ), and k, is a
constant that can be assumed equal to zero when the production
of fluctuations is localized at ¢ = 0.

In the case of a continuous plume generated by a concen-
trated point (or line) source in a field of homogeneous turbu-
lence we may also expect the rate of dissipation of concentration
fluctuations to be proportional to fluctuation intensity o2,
because essentially the same physical factors must govern
across-the-spectrum transfer of contributions to ¢2, regardless
of the manner in which the fluctuations were generated (Csana-
dy, 1973). However, now the “ages” of the concentration fluc-
tuations cover a broad range and the decay time scale may vary
in an unknown manner. Thus one should set locally = ¢2/1,
with #; = t;(xy, ¥5, 3), i.¢., assume that ¢, is some function of
position that has to be determined.

The approach described by Eq. 7 has appeared in some works
relevant to air pollution. Thus Donaldson and Hilst (1972) esti-
mated a typical (constant) value of z; ~ 5 min for a (hypotheti-
cal) average turbulent mass of atmospheric air. This (constant)
value of the decay time scale was used by Kewley (1978) in a
reactive plume model. However, in plumes the factors affecting
the intensity of dissipation (and therefore ¢;) will change signifi-
cantly with travel time, and the assumption of constant ¢, is not
an appropriate one. In a more justifiable approach Csanady
(1967, 1973) and Thomas (1979) adopted Eq. 8 with the theo-
retical value k = 2/3 (Hinze, 1975, p. 301) and k, = 0. Modified
forms of Eq. 8 were also suggested by Fackrell and Robins
(1979) and Netterville (1979) and utilized by Wilson et al.
(1982a, b) in an empirical model for the total level of atmos-
pheric plume fluctuations. However in the latter case the domi-
nant component in the overall observed variance values was bulk
variance (Fackrell and Robins, 1982a, b), the dissipation of
which mainly reflects the expansion of the instantaneous plume
to the size of the time-average envelope; the approach of Sykes
et al. (1984) is more appropriate for this situation.

For the dissipation of fine-scale fluctuations by molecular dif-
fusion in the moving frame of reference we adopt Eq. 8 in the
form

_ 1. 9
=4 + 1) %)

where A, = 1/k and x, is a “virtual origin correction” that
accounts for the initial production-dominated region near the
source. This equation should be viewed as a reasonable first esti-
mate for t;(xy, y,, y3) for a relatively slender plume. The success
of this approximation for a given range of downwind distances
will rely heavily on the proper choice of A4;; unfortunately, the
uncertainty involved in this choice is large, even for relatively
ideal flow situations. Some further insight on this problem can
be obtained by examining the transport education for & (Laun-
der, 1978). Indeed, for point sources the generation terms
involving mean concentration field gradients will play a signifi-
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cant role in the overall ® balance, especially in the vicinity of the
source, thus resulting in higher dissipation rates and lower char-
acteristic dissipation times in comparison with the quasi-
isotropic cases to which most of the available information is
relevant.

Effects of boundaries

The presence of a boundary parallel to the mean flow % (e.g.,
the ground in the case of atmospheric dispersion) affects the bal-
ance of ¢2 in two ways.

First, if this boundary does not interact chemically or other-
wise with the plume species, it imposes a condition of zero trans-
fer of plume material, which, in addition to increasing the mean
concentration near the surface, affects the intensity of concen-
tration fluctuations by controlling the production of o2. Since
d{c)/dx, is normally small compared to the lateral gradients, a
decrease in d(c)/dy; will reduce the production of fluctuations
significantly, especially near the horizontal centerline of the
plume where d(c)/dy, will also be small.

Second, the boundary affects the flow field in such a way that
advection and turbulent transfer terms are expected to be small
near the surface. In this analysis it will be assumed that the
mean velocity is uniform except for a very thin layer near the
boundary. However the no-slip boundary condition near the sur-
face results in high local mean shear and intensity of turbulence
which rapidly distort and stretch plume filaments, thus increas-
ing the surface area available for molecular diffusion, which dis-
sipates concentration fluctuations. Thus, in general the presence
of production and dissipation processes accounts for different
behavior of (¢} and ¢2 near the surface. Wind tunnel studies
suggest that very close to the ground there might be a well-
mixed layer, where dissipation practically reduces o to zero;
however, available data do not extend close enough to the sur-
face to show explicitly this effect (Wilson et al., 1982a).

Hence, do2/dy; is not expected to approach zero gradually at
the surface. It is more appropriate to view the latter as an
absorbing (possibly not perfectly) boundary with respect to o2
and thus

62—0 atx;=yp,+ b, =0 (10)

Effects of source size

The assumption of a point source is an extreme idealization
that is actually incompatible with the process of relative diffu-
sion, since the latter requires a nonzero initial separation of the
diffusing fluid particles (Durbin, 1980). The degree to which
concentration fluctuations are influenced by source conditions,
such as source size (or initial separation) has been a subject of
both theoretical analysis (Chatwin and Sullivan, 1979a; Durbin,
1980, 1982; Sawford, 1983), and experimental study (Fackrell
and Robins, 1982a). The available experimental evidence for
continuous plumes relates important source effects to meander-
ing processes and shows that they persist for distances where
bulk fluctuations are dominant; far downstream the variance
tends to “forget” these effects. Theoretical considerations (Dur-
bin, 1980; Sawford, 1983) show that the intensity of internal
fine-scale fluctuations tends to a constant value that in general
must depend on the initial size of an instantaneous release. How-
ever, the available data on relative dispersion of continuous
plumes are not adequate to provide reliable quantitative esti-
mates of source size effects. In fact, far enough from the source,
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data on both the total and the fine-scale variance, and for both
elevated and ground level sources, show that under constant
flow conditions the centerline intensity of fluctuations ap-
proaches a constant value that is (almost) independent of source
size. In the present work, in order to retain simplicity, source
effects will not be accounted for explicitly; the species source is
assumed localized at a point and necessary corrections to this
idealization are invoked a posteriori when the mathematical
manipulations cannot accommodate the point-source concept.
The effects of the finite size of the actual source will have to be
incorporated (either explicitly or implicitly) in a parameter of
the model.

Assumption of self-similarity
Introducing the approximation of Eq. 9 and the transport clo-
sure schemes of Eqs. 3 and 6, Eq. 2 reduces to the following form

for the steady state [in the (x,, y,, y;) frame] point-source plume
in a mean flow field 4 = (u, ) along the x, = y, direction:

) (ii)
: 3OV (a0 a(c)
__ 9o}, c c c
u o, = 2[(,¢z(x,)[<é’x1 ) + ( F™ ) } + 2Kz (x)) ( n ) +
(iii) (iv)
d%? 9%? ol
+ Kg,(xy) o + Kg,(x)) ESRETE) (11)

where terms (i) to (iv) represent the respective terms of Eq. 2.

A rational approach toward the simplification of Eq. 11 is
based on the hypothesis of self-similarity for both the instanta-
neous {c) and ¢? fields. As already mentioned, this hypothesis
has considerable experimental support (Csanady, 1973; Fac-
krell and Robins, 1982a); it was first introduced as an approxi-
mation in the Eulerian modeling of ¢2 by Csanady (1967) who
studied the construction of self-similarity models for isotropic
turbulence and for an unbounded flow.

If Eq. 11 is satisfied by {c) and o2 that obey the self-similar
relations

(e} = (colx1)) f(P),

ol = (co(x1))?g(#) (12)

where

{ca(x,)) =

> f) a
PO a— r)=expf{— —
2mUc R, op, P 2

(S is the source strength) and # = /3, with ¥ = Vy3ox, + yiok,
% = op,0x, [notice that ¥, § have units of (length)?], then it can be
shown that two necessary conditions for Eq. 11 to have self-simi-
lar solutions are

dog, og
d*’=—’ Of O, = KOp, (13)
O'Rz OR,
and
32 3.2
OR,OR; & ox,Y3 dog, Or)3 dog, (14)
ut, ¥ odx, P dx,

where « and & are constants.
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Here we will in general assume that the increase of o, and o,
with distance from the source obeys locally the same exponential
law within a multiplicative factor. (This exponential law will be
different in the various phases of relative dispersion.) Regarding
atmospheric dispersion, experience shows the above assumption
to be usually a reasonable approximation.

Now, for g, = kog, one has

og, 1

@ = —
dag,\ uty
dx,

If ag, abeys the power law oz, = 0q,x%, 0,, being a constant of
appropriate dimensions, then & = (x;/p)(1/ut,), and, employ-
ing Eq. 9,

Thus, if 4, and p are constants over a finite range of x,, the
necessary condition for self-similar solutions of Eq. 11 becomes
xo = 0, in which case & = A4,/p. Hence, the theoretical and
empirical information that is available for p and A4, can be used
to provide first estimates for &.

When Eqs. 13 and 14 hold, Eq. 11 becomes

dg 1 \dg . ary
E};+(;+r)—d—;+(4—a)g= Z(d,\ (15)

The boundary conditions for Eq. 15 arise from requirements
of axial symmetry and a decay of ¢? to zero at large radial dis-
tances:

Zf 0 atF=0, g—0at?f—w (16)
We must remark here that boundary effects, which would com-
plicate not only the formulation of boundary conditions but also
the appropriate choice for 7, are not considered in the above
analysis. Therefore this approach is formally valid for un-
bounded domains. Furthermore, for an elevated source the exis-
tence of ground effects imposes an “external” length scale on
the dispersion process. This destroys the conditions necessary for
self-similar characteristics of the physical problem, at least until
far downwind where the source height becomes negligible com-
pared to the distance traveled and a second range of self-similar-
ity is expected. Hence, the present self-similar model formula-
tion will be a reasonable approximation only as long as boundary
effects are not very significant, i.e., relatively close to the
source.
The general solution of Eq. 15 can be shown to be

50 = gt = i) [ DED gy
~ galn )ff*(;’V)f‘)(”) dn (17)
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where 9 = —(7#2/2), f,,(n) = f(#), and

i T@a+k =

g(m) = F\(a,1;9) = S T@rA + k) F (18a)
- Flalm=_ L v T@+k
&) = Fy(a, 1;9) = T@) = T@Ira + &)
k
x % Wo(a+ k) — 2¢(1 + k) + Inq] (18b)
Fl
v =55
W(n) = WLEG, 1) Fy(@, 1)) ~ — e;‘lﬁ’(g) (i8¢)
and
, (4—-a&
a =
2

1Fi(a, 1; ), F,(a, 1; n) are confluent hypergeometric func-
tions of the first and second kind, respectively (Abramowitz and
Stegun, 1964; Lebedev, 1965) and are linearly independent.
W () is their Wronskian determinant and y(x) is the logarith-
mic derivative of the gamma function. The constants of the inte-
grations in Eq. 17 have to be calculated so as to satisfy the condi-
tions of Eq. 16.

Alternatively, the boundary value problem defined by Egs.
15-16 can be solved numerically for specific values of &. Csa-
nady (1967, 1973) pursued this approach for the isotropic case
assuming Gaussian f(#), and presented typical g(?) profiles
together with the relative intensity of stream segregation I, =
a2/{c)* = g{cy)?/{c). These calculations show that while the
variance ¢ [which is proportional to g(#)] decreases from the
center of the plume to the fringes, by analogy to the mean con-
centration, the relative intensity of segregation—describing the
degree of micromixing of the plume with the ambient—
increases at the fringes. Near the plume centerline both quanti-
ties have very small gradients and thus can be considered
approximately constant in a core region. For different values of
& different profiles of g(#) are obtained. The center value g(0) is
a rapidly varying function of &. For & > 4 the origin becomes a
saddle point (because d’g/d#* turns positive) and a full section
across the plume will show a double-peaked profile for ¢2, a situ-
ation that is experimentally observed in free jets (Fischer et al.,
1979; List, 1982). The physical reason is that the maximum rate
of production occurs in the region of steepest gradients (around
# = 1), from where o? diffuses both inward and outward. High
diffusion and low dissipation (i.e., a low value of &) quickly
smoothes the two peaks, resulting in a single peak at # = 0. The
problem in the development of self-similar solutions relies to a
very large extent on the proper estimation of &. Csanady (1973)
compared his approach to the experimental observations of
Becker et al. (1966) by fitting g(0) to the data. With the value of
2(0) obtained in this way, calculated profiles simulated mea-
surements to a satisfactory degree with corresponding values of
& in the range 2.5 to 3.0. These values clearly are in very good
agreement with the estimate & = A, /p; indeed, for the theoreti-
cal values p = 0.5 and A4, = 1.5, one obtains & = 3.0.
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In conclusion, direct application of the self-similarity concept
to the o2 transport problem, although it offers an integral repre-
sentation of the solution of Eq. 11, does not lead to results appro-
priate for routine calculations (e.g., in conjunction with the com-
mon Gaussian solutions for (¢}). Indeed, the uncertainty in the
parameters involved in Eq. 17 and the restricted range of condi-
tions to which it applies would not justify the computational bur-
den involved in its use. However, the conditions associated with
the existence of self-similarity that are derived here are useful
for reducing the complexity of the mathematical description of
the fluctuations problem. These conditions will be used further
in the next section combined with a scheme that is more appro-
priate for routine use than Eq. 15.

Localized Production of Fluctuations Model

In the following we present a new model that fulfills the need
for simplicity by providing closed-form analytical expressions
for a2(x,, y5, ¥3), using a limited number of parameters. This
localized production of fluctuations (LPF) model is based on the
knowledge of the nature of the terms of Eq. 11 and of its solu-
tions, already discussed in the previous sections. Self-similarity
of o? profiles is not an a priori assumption in the development of
this model; however, when assumed to hold, it simplifies further
the structure of the final equations.

To avoid excessive notational complexity in this section we
adopt a (x, y, z) coordinate system and drop the subscript R
from the dispersion parameters; however it must be kept in mind
that throughout the following discussion (x, y, z) are coordinates
relative to the meandering plume centerline and K’’s, ¢’s, as well
as (c) and o2, describe relative dispersion.

Model formulation

The solutions of Eq. 11 can in general be expressed in terms of
the Green’s function G of the corresponding nondissipative
equation [containing only terms (i) and (iii}], through

@y - [T [ [Glayzlxy ey, )

X exp[— ;f’ dx }dx’dy’dz' (19)
uJe ty(x")

where I1.(x', y', z') is the spatial distribution of variance produc-

tio, given by Eq. 5.

Since production of ¢? is of important magnitude, relevant to
the other processes contributing to the balance of ¢, mainly in
the immediate vicinity of the source (where boundary effects
can be neglected), an estimate of II, formulated in terms of a
mean concentration field (¢} for an unbounded flow should be a
satisfactory approximation. For simplicity we consider the iso-
tropic case; however, these results are directly extendable to the
anisotropic case by an appropriate transformation of coordi-
nates. In the isotropic case with K, (x) = K, (x) = K(x), ¢,(x) =
0,(x) = o(x) = ayx?, one has

TL(x, r) 2K(x)[(a<c>)2 + (am)z

M4, (20
ox or +1L, (20

where r = yy? + 2%, T, = 2K (x)(8{c) /ax)%, H, = 2K (x)(3(c)/
ar)?,
In general, studies of Eq. 11 have implicitly neglected produc-
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tion of ¢2 due to gradients of {¢) in the x direction. In fact,
locally [at a given point (x, #)] this term can be important; how-
ever, the total generation of fluctuations due to these gradients is
small compared to the generation of gradients of (c) in the r
direction. Indeed, for Gaussian mean instantaneous concentra-
tion distributions in the meandering frame of reference:

2 S 2
{(c(x, 7)) = {co(x)) exp (» #) = mexp (— #)

the ratio

II, 2x2r?
I, p*(r’ - 2%

is not necessarily much larger than unity for arbitrary (x, r).
Consider, however, the overall crosswind fluctuations produc-
tion at a given x from gradients of {¢) in the » and x directions:

2
E.(x) = fm fh rIL, (x, r) dpdr = p_S 2n
0 0

X 2ntio’(x)

E(x) = _/(;m j(:z' rIL (x, r) dpdr

2
2,.3.2p-3

gop’X

- exp 2

(22)

wua’(x)

Statistical diffusion theory for small travel times demands
that p = O(1.0) for both the processes of absolute and relative
diffusion. Thus, in the vicinity of the source E,(x)/E,(x) =
0(1/a3), which typically is much larger than unity and there-
fore the production of fluctuations due to gradients of (¢) in the
x direction can be neglected. Thus, finally, for the overall cross-

flow production of fluctuations Z(x) = j: " [ " I(x, y, z) dydz
one can write 5(x) =~ = (x) with E,(x) given by Eq. 21.

The formulation of the LPF model consists of two steps. The
first step utilizes the fact that at every crossflow plane the pro-
duction of fluctuations is strongly localized around its maximum
value, which is attained at r = ¢. Figure 2 shows the dimension-
less distribution of radial production of fluctuations, 1/4xII, (x,
r)(#)~'p~{cp(x)) 2, with respect to 7/¢, for arbitrary x. It is
reasonable therefore to approximate the distribution of produc-

0.4
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~
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Figure 2. Dimensionless radial distribution of fluctuation
production at any crossflow plane Il (r/0) —
(178)xXIL(x, r/e)u) 'p "(cyo(x)) 2
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tion along a given radius by a delta function with strength esti-
mated from Eq. 21. The optimal location of this delta function
on each radius will be slightly off the value r = & since the pro-
duction extends asymptotically to infinity; thus, for given ¢, we
fix this location at

r

(23)

_A;m rIL, (x, ryrdr 5
T

3
: .
fom IL (x, r)rdr

i.e., at the center of mass of the actual production distribution.
The complete locus of these delta functions at any x will be a
ring of radius r*.

Thus (for the isotropic case)

I.(x,r) = Z,(x)8(r — r*, ¢ — ¢,) withr* = % Jro  (24)

where ¢, is arbitrary in the interval 0 to 2.

This IL, can be introduced in Eq. 19. However, (because of the
nature of the Gaussian solution of {¢)) production of fluctua-
tions is infinite at x = 0 and the integral would diverge. Of
course, this is just an artifact created from the assumed ideal
point character of the source producing the theoretical Gaussian
solution that corresponds to a singularity at the origin. Since in
reality the maximum field concentration is not infinite, it is jus-
tifiable to start the integration not at x = 0 but at some point ;.
To apply Eq. 19, one should actually have to estimate %, from
available data so that it simulates measurements in a satisfac-
tory manner. However, no general a priori estimate of it should
be expected since it encompasses a variety of source and initial
flow characteristics specific to each particular application. An-
other major problem that inhibits direct integration of Eq. 19 is
the changing character of the relative dispersion process with
downwind distance. Thus, fundamental two-particle dispersion
theory predicts three asymptotic values for the exponent p, and
even if one hypothesizes step changes and constant values in
between, there is significant uncertainty regarding the location
of these changes; similar uncertainties are associated with the
ay’s. We circumvent these problems by introducing the second
step in the formulation of the LPF model. Applying the mean-
value theorem of Lagrange to the isotropic form of Eq. 19 for the
integration with respect to x, one has

2 iy =[xl
oixy.2) = B0 [7 [T 260 - )

x 8(¢" — 6)G(x, r, ¢1E 1, ¢")r'dp'dr’

1 e dx
xexp[—g[ td(xl)] (25)

with

2

E(E, x) =

2pE " (x ~ %) (26a)

Aruo?

where £ is some point between %, and x (fixed for given Xy, x).
Setting £ = wx, with 0 < w = 1, and assuming that x » X, one
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can further write

pS?

X wpS?
2xucyE? —E_ - (26b)

2ruc? (wx)

E(x) =

So, the problem of estimating %,, or, more generally, integrating
Eq. 19, is essentially transferred to the problem of choosing the
appropriate value (between 0 and 1) of the dimensionless local-
ization parameter w (that can possibly vary, within these limits,
with distance x). Now, Eq. 25 associates o2 at x to the dispersion
parameters corresponding only to x and to another single wx. In
this way all the different kinds of uncertainty implicit in Eq. 19
are now collectively lumped in one parameter, ie., in the
unknown value of w.

Analytical solutions

Equation 19 can now be used, through its reduced form, Eq.
25, to obtain approximate closed solutions to the variance trans-
port Eq. 11. For an unbounded flow (and ¢?— 0 at y, z — ) the
corresponding Green’s function of Eq. 11 [without terms (iv)
and (ii)], is

G(xayvzlxlvy,v Z') = G(—x - X',y - y’,Z - Z’)
1

- 270, (x — x")o,(x — x")u

x exp{—

when dispersion is assumed negligible compared to advection in
the x direction and the ¢’s are related to the K’s through Eq. 4.
Using Eq. 9 one obtains

y-yy (-z)
263(x — x)  20i(x — X))

(27)

f ﬂ— = AG[In(x 4 %) — In (x' + xo)]
® h(x")

and

1 ;x dx” X'+ xo\
exp[ U »/; td(x")] ; (x + xo) (28)
Consider the general anisotropic (orthotropic) case, where
the source of fluctuations takes the form of an elliptical ring (of
infinitesimal thickness) located at x = £ with semiaxes a, b such
that a = 3/4 Vo, (£), b = xa, where « = 0,(£)/0,(£). We define
w? = ab and ¢*(x) = g,(x)a,(x) and introduce the new vari-
ables y, — «'?y and z, = «x'z. The transformation (y, z)
(3, z,) has a Jacobian equal to unity and therefore preserves
areas. The phenomenal variance source coordinates will trans-
form to y,, = w cos ¢,, z;, = w sin ¢, where ¢, is now the polar
angle of point (yy,, z;,) in the new coordinate system. The Car-
tesian form of Eq. 25 in this system will be

) S(F) (s + xo)f*'

¢ 2o (x — £) \x + xo

xf:f_:exp[_

0L =)+ (2 - 2)?
20%(x - £)

o(¥\ — »i,)o(zh — z,,)dyrdz)
where S(£) = (pS?)/(2wniia, (£)o,(£))-
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Introducing polar coordinates r, = vy} + z3, y) = r, cos ¢,
z, = r, sin ¢, the integral in the above relation becomes

2

o 2x 1 ’ ’ R ’ t g
VA A LIGRROL GRS, exp[— D 5)] ridg'dr,

where R = (y, = 1)) + (2, — 2) = r2 + r¥ — 2ryri cos (¢ —
¢’). Thus,

. S® (gt x\ |
%" 2muc’(x - §) (x + xo) °"p[

2 rywcos (¢’ — &5) ,
<[ °"p[—2:ﬁm)—‘}d¢

24w
20 (x — §)

which finally gives

. NG (s+xo)f*l

X + Xg

¢ 2muct(x — &)
P+ w rw
- o= 29
X exp[ 202 (x — E)}I L o _ E)} (29)

where I,(-) is the modified Bessel function of order zero.
For x, £ » x, Eq. 29 becomes

2
Uz(x» rl;g) = (i)

2nu

po(x)*!
o' ()o’(x — £)

r2+wl rw
" e"p[’ 207 s)}"’ [az(x - s)} 0

Now, a sufficient condition for self-similarity of the ¢? pro-
files for a given range of x (where p, A, are assumed constant) is
that w is a constant in this range. In this case (£} = w’o(x),
o(x — £) = (1 — w)?o(x), w = 3/4 yTw”c(x), and &2 becomes

7

62 = (co(x))2g [;‘(7)] = (co(x))2g(0)
-1 7 3 VI ry
X exp (Ea-“)’ (T‘) GO

where = 1 — wand g(+) = 1,{c)?/{c,)” is the dimensionless
absolute intensity of internal fluctuations. On the plume center-
line g(0) will be

A—-2p-1
pw
2(0) - exp (

@)%

Irw?
- 325”’) $32)

When experimental information for this quantity is available it
can be used in conjunction with information on parameters p
and A, to estimate w values (see the next section).

Returning to the y, z coordinates, Eq. 30 takes the form

ety = [ pet*
oe(x,y, 2 §) = ( ) a,(&)o,(£)o,(x — H)o,(x — £)

27u

y2 ZZ
* e"p[‘ 205 - z)] °"p[‘ 202(x 5)]
X cxp[‘ ab }Io[ m
20,(x — D)o, (x — 8| °|a,(x — Do, (x — §)

] (33)
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Equations 31 and 33 constitute basic, usable, forms of the
LPF model when boundary effects can be assumed to be negligi-
ble, as in the immediate vicinity of the source.

When the dispersion field cannot be assumed unbounded, one
must take into account the boundary condition of Eq. 10, i.e.,
o2 — 0at z(= y;) = —b,, where, because of meandering effects
b, is a random variable. Far downstream, where meandering is
negligible and boundary effects most significant, one can obtain
the following result, assuming that the plume centerline is at a
constant height k& from the boundary (notice that now the coor-
dinates’ origin is fixed on the boundary):

et _S_2 pw(x)™!
(0.7 8) - 0,(&)o.(E)a,(x - §)a,(x - §)

2ru

V2 ab
2026 - 9| P T 20, — Do tx - ),
(z — h)? Vai(z — h)? + b%y?
SRR LA A
" [exp[ 203 (x - 9} Ly(x — §)o.(x - s)]
Cwexp| (z + BY? I Vi (z + h)? + B3P
22(x - §)| lo,(x - o, (x - £)

The parameter o appearing in the above equation equals
unity for a perfectly absorbing boundary, i.e., ¢ actually equal
to 0 at the surface. However, the effects of dissipation might not
be so strong, and a lower value for & may be more appropriate.

X exp[A

Model Testing and Discussion

The LPF model is a simple formulation for the internal con-
centration variance that is directly derived from the physics of
the point release problem, starting from rigorous equations and
utilizing empirical information and approximations to simplify
the analysis. The required inputs reduce to a set of physical
parameters and a model-specific parameter. The physical pa-
rameters are the relative dispersion ¢’s (which are assumed to
obey simple power laws, at least locally) and a factor relating
dispersion time to the local dissipation time scale ¢;. The model-
specific or localization parameter w actually defines the location
of an effective source of fluctuations. As already mentioned,
uncertainties associated with a variety of factors such as source
size, flow conditions, and the relative dispersion process itself,
are lumped into w. Introduction of w reduces the uncertainty
associated with the physical parameters since, instead of their
complete—and unknown—variation with downstream distance,
only estimates of their local values are needed.

The problem of estimating w is facilitated by two facts:

1. The often-observed validity of self-similarity, which is
expressed by Eq. 12

2. The observation that g(0) is at most a weak function of the
distance from the source, even for the total fluctuations variance
(Sawford et al., 1985). This g(0) for given flow conditions tends
to a constant value after a certain distance (Becker et al., 1966;
Fackrell and Robins, 1982ab; Wilson et al., 1982ab, etc).

These facts, although deduced from observations that do not
cover the entire range of possible conditions encountered in lab-
oratory and environmental flows, suggest that adequately reli-
able estimates of w are possible, at least for specified ranges of
the dispersion, even without a complete understanding and anal-
ysis of all the mechanisms that affect the level of g(0). It is
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therefore often justified to treat g(0) as an empirical constant
typical of given flow conditions. In this simplified approach w is
completely determined from the physical parameters [including
£(0)] of the problem. Of course in order to be able to construct
empirical estimates of, say, typical values of g(0) (and therefore
w) for ambient turbulence of various Reynolds numbers, many
more experimental data bases than are currently available are
needed. In a more fundamental approach g(0) or closely related
functions have been modeled theoretically, in terms of statistical
correlations of the turbulent fiow field, for source configurations
that create mean concentration fields approximately equivalent
to that of the continuous point source. Numerical simulations
and analytical expressions that in general involve a measure of
effective source size are available (Durbin, 1980, 1982; Saw-
ford, 1983). However, because of the existing uncertainties and
limitations in the formulation of the theoretical models, it pres-
ently seems reasonable to confine this discussion to the pre-
viously mentioned simplified approach.

As far as atmospheric dispersion is concerned, present knowl-
edge suggests that for neutral stability the far field value of g(0)
is of order unity (for elevated sources), and use of the typical
(theoretical) values p = 0.5 (for the far field), 4, = 1.5 to 2.5
seems to offer a qualitatively acceptable simulation of many
available relevant field and wind tunnel data sets. (For example,
see Figure 5). However the scatter, the resolution, and the
uncertainty of these data often make quantitative comparisons
meaningless or impossible. The problems are even more severe
in cases of more complicated atmospheric conditions.

The measurements most appropriate for comparing with and
testing LPF model calculations are those of Becker et al. (1966)
for point-source dispersion in homogenous, quasi-isotropic, pipe
flow turbulence. Indeed, in the conditions of these experiments
meandering was insignificant and the structure of the turbulent
flow, being relevant to the conditions for which Eq. 8 was sug-
gested, reduces the uncertainty regarding the proper choice of
Ay; further, p = 0.5 fits accurately the entire range of the data.
Thus, the uncertainty regarding the physical parameters is min-
imum. Self-similarity of o2 profiles and a constant value of g(0)
are observed in all these experiments. Comparisons of LPF cal-
culations with reported absolute and relative intensities of inter-
nal fluctuations are shown in Figures 3a, 3b, 3c, and 4. The

(u=41m/s)
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Figure 3a. LPF model prediction of dimensionless abso-
lute square root intensity of segregation
Vg(r/o) (solid line) compared with data from
Becker et al. (1966), (circles).

Data at five downstream distances, centerline velocity 41 m/s.
LPF model calculations for p = 0.5, 4, = 1.5 [g(0) = 1.15].
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Figure 3b. LPF model prediction of g(r/o) (solid line)
compared with data from Becker et al. (1966)
(circles).

Data at two downstream distances, centerline velocity 49 m/s.
LPF model calculations for p = 0.5, 4, = 1.5 [g(0) = 1.05].

parameter w is estimated directly (for 4, = 1.5) from the cen-
terline value g(0), whose square root value, for all the flows
studied, lies in the range 1.0 = 0.2. The agreement obtained by
using solely the centerline value to adjust w, while p and 4, are
preset equal to their theoretical values, must be considered very
satisfactory. (Somewhat different values of A4, can improve
slightly the success of the simulation, especially near /o = 0.75
where the difference between predictions and observations
seems higher.)

A comparison with atmospheric field data is also shown in
Figure 5. The data are of Ramsdell and Hinds (1971) and the
typical values p = 0.5, 4, = 1.5 were used, while w is determined
directly by the centerline intensity. Although the uncertainty of
the data is very significant the agreement can be considered
satisfactory in this case too.

Conclusions

Knowledge of statistical properties of point-source plume con-
centrations, such as the variance o? or the intensity of segrega-
tion, is essential in many situations calling for plume modeling
(e.g., in assessing the impact of releases of pollutants in the envi-
ronment), and in particular in estimating the effects of local tur-
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Figure 3c. LPF model prediction of g(r/g) (solid line)
compared with data from Becker et al. (1966)

(circles).
Data at four downstream distances, center line velocity 61 m/s.
LPF model calculations for p = 0.5, 4, = 1.5 [g(0) = 0.95].
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Figure 4. LPF model prediction of dimensionless relative
square root intensity of segregation \/I—, (solid
line) compared with data from Becker et al
(1966) (circles).

Data at five downstream distances, centerline velocity 61 m/s.

O O O correspond to experimental curve in Fig. 7 of Beckeretal,, in
which VT, is plotted vs. r/r, .

LPF model calculations for p = 0.5, A, = 1.5.

bulent mixing on relatively fast nonlinear chemistry. Although
recent experimental and theoretical work has enhanced signifi-
cantly the available information on the behavior of ¢2, this had
not resulted in the development of practical predictive methods,
especially with regard to fine-scale in-plume fluctuations—as
opposed to total observed fluctuations that encompass bulk
motion effects (meandering), which do not interact with the
chemical processes.

A new model for the “internal” ¢, at a level of sophistication
analogous to that of the Gaussian formulas for the mean concen-
tration field, has been developed here, starting from the Euler-
ian transport equation for ¢2. A series of approximations uti-
lizing existing experimental and theoretical information for the
processes involved, combined with the localized production of
fluctuations (LPF) scheme allowed the construction of closed
analytic expressions for o2, directly from its governing equation.
The capability of this LPF model to simulate the variance pro-
file was successfully tested against available data on point
source plume concentrations.

In conclusion, the model developed in this work provides a
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Y —T o5 2o 25
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T
Figure 5. LFP model prediction of dimensionless abso-
lute square root intensity of segregation
Ja(r/¢) (solid line) compared with atmospheric
field data from Ramsdell and Hinds (197 1) (cir-
cles).
LPF model calculations for p = 0.5, 4, = 1.5.
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rational, yet computationally simple, means for describing con-
centration fluctuations and the corresponding intensity of segre-
gation inside instantaneous plume boundaries. Although its ap-
plicability is restricted by assumptions such as the uniform
mean flow (or “mild” mean plume motion), and slender plumes,
this model can serve as a first approximation to a wide range of
point-source dispersion problems. Further experimental infor-
mation will be useful to provide accurate estimates of its param-
eters for specific flows.
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Notation

A, = reciprocal decay time scale factor, Eq. 9
a = similarity solution parameter, Eq. 18
a = horizontal semiaxis of the phenomenal variance source
b = vertical semiaxis of the phenomenal variance source
b; = instantaneous plume centerline coordinates
¢ = instantaneous concentration
cg = instantaneous concentration notation used in Fig. 1 for val-
ues in the meandering frame of reference
D = molecular diffusivity
F1, 1 F, = confluent hypergeometric functions of the 1st and 2nd kind,
respectively
f = similarity function for (¢}
G(-|+) = Green’s function
g = local absolute intensity of segregation
h = distance of mean plume centerline from boundary
Iy(+) = modified Bessel function of order zero
I, = local relative intensity of segregation
K; = eddy diffusivity in the i direction
Ky, = eddy diffusivity for relative dispersion in the i direction
k = dissipation time scale factor, Eq. 8
ko = constant in dissipation approximation, Eq. 8
£, = dissipation length scale, Eq. 7
p = exponent in dispersion law
r = radial distance (isotropic conditions)
F = weighted squared radial distance (anisotropic conditions)
7 = dimensionless (weighted or nonweighted) radial distance
r* = radius of the phenomenal source of variance production (iso-
tropic conditions), Eq. 23
F=0r0ps
t = dispersion time
t, = dissipation time scale, Eq. 7
t, = constant in dissipation approximation, Eq. 9
u; = random velocity component in the i direction
u = uniform mean ambient velocity
x; = fixed frame coordinates
X = constant in dissipation approximation, Eq. 9
%, = empirical lower integration limit for Eq. 19
y; = meandering frame coordinates
x, y, z = meandering frame coordinates

Greek letters

a ~ surface absorption factor for o2
& = similarity condition parameter, Eq. 14
T'(-) = gamma function
n=~#/2
« = similarity condition parameter, Eq. 13
=, = total production of fluctuations for given x due to gradients
in the x direction
Z, = total production of fluctuations for given x due to gradients
in the r direction
£ =wx
I1, = local production of fluctuations at a point, Eq. 5
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I, = local production of fluctuations at a given point due to
gradients in the x direction
11, = local production of fluctuations at a given point due to
gradients in the r direction
o2 = variance of the instantaneous concentration field of a point
source plume in a meandering frame
o gi» 0; = relative dispersion parameter in the / direction
& = local dissipation of fluctuations, Eq. 7
() = logarithmic derivative of the gamma function
w = dimensionless localization parameter (0 <w < 1)
w=1—-w

Special symbols

{+) = ensemble mean of random variable
(+) = fluctuation of the random variable about its ensemble mean
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